Introduction Introduction
The Windy Rural Postman Problem (WRPP) consists of finding a minimum cost closed walk traversing each required edge of a windy graph at least once.
Here we introduce the Min-Max K-WRPP, in which a fixed number of identical vehicles is considered and it is assumed that there are no capacity restrictions.
The objective is to minimize the maximum cost of the routes (to obtain routes of similar length)
Related work
Min-Max k-TSP -Constructive Heuristics (Frederickson, Hecht and Kim, 1978) If the triangle inequality holds: (5/2-1/k)-approx. algorithm -Tabu Search and exact method (França, Gendreau, Laporte and Müller, 1995) . Instances up to 50 nodes were solved optimally Newspaper Routing Problem (a MM k-TSP variation) -Special instance with 120 nodes and k=4: To find 4 paths starting at the depot such that each node is traversed exactly once and the length of the longest path is minimized. - Applegate, Cook, Dash and Rohe (2002) solved it optimally with a sophisticated B&C, taking 10 days on a distributed network of 188 processors.
Min-Max CVRP -Tabu Search procedure (Golden, Laporte and Taillard, 1997) -They also considered versions of the MM CVRP and MM k-TSP where a vehicle is allowed to visit the depot several times. k-CPP -Polynomially solvable if G is undirected or directed (Assad, Pearn and Golden, 1987 , Zhang, 1992 , Pearn, 1994 -If G is mixed or windy the problem is NP-hard.
Min-Max k-CPP -First mentioned in Frederickson, Hecht and Kim (1978) , who also proved that it is NP-hard and proposed a (2-1/k)-approximation algorithm -Other constructive heuristics and lower bounds (Ahr and Reinelt, 2002) -Tabu Search method (Ahr and Reinelt, 2006).
Definition and notation G=(V,E) is an undirected graph
Each edge (i,j)∈E has two associated costs c ij , c ji Vertex 1∈V is the depot
The objective is find a tour (closed walk starting and ending at the depot) for each vehicle such that: each required edge is traversed at least once by at least one vehicle and the cost of the maximum vehicle tour cost is minimized. Let us call K-WRPP solution to a set of such tours (one per vehicle).
Definition and notation
We assume that each vertex in V is incident with at least one required edge. This is not a restriction as there exists a simple way to transform an instance not satisfying this assumption into an equivalent one which does (see, e.g. Christofides et al. 1981 , Eiselt et al. 1995 .
.., V p the sets of vertices of the p connected components of G R (R-sets) Given S 1 , S 2 ⊆ V, (S 1 : S 2 ) denotes the edge set with one end-point in S 1 and the other in S 2 .
Given a node subset, S ⊆ V, δ(S) = (S : V \ S) and
The previous sets restricted to the required edges are denoted by δ R (S), E R (S), (S:V\S) R
Problem Formulation Formulation
For each e=(i,j)∈E we define 2K variables x k ij , x k ji representing the number of times edge e is traversed by vehicle k from i to j or from j to i, respectively. In addition, if e is required, we define other K variables y k e taking the value 1 if e is serviced by the vehicle k and 0 otherwise.
It is an unbounded and non full-dimensional polyhedron dim (K-WRPP(G)) = K·dim(WRPP(G)) +(K-1) |E R | = = K (2 |E| -|V| + 1) + (K-1) |E R | Facial description Other valid inequalities Let F(x) ≥ α be a valid inequality for WRPP(G).
Given (x 1 , y 1 , x 2 , y 2 , ..., x K , y K ) a K-WRPP solution, x = Σ k x k is a WRPP tour on G. Then:
We will call aggregate inequalities to those inequalities: Connectivity, R-odd cut, K-C, P-B, HC, Zigzag.
In addition, versions of the previous inequalities involving only the variables related to one vehicle are also considered.
We will call them disaggregate inequalities
To illustrate this, we will consider the connectivity inequalities The exact separation of connectivity and odd-cut inequalities can be done in polynomial time.
Procedures are based on the ones proposed by Belenguer and Benavent for the CARP.
Other inequalities
Adding to the B&C inequalities avoiding the symmetry among vehicles (Ghiani, Laganà, Laporte, Musmanno, 2007): The idea is to force the numbering of vehicles to follow the numbering of the smallest index edge that they service 
